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Abstract 

Refining some results of S. S. Dragomir, several new reverses of the 
triangle inequality in inner product spaces are obtained. 
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1 Introduction. 



It is interesting to know under which conditions the triangle inequality went 
the other way in a normed space X; in other words, we would like to know if 
there is a constant c with the property that cYlk=i \\ x k\\ < II YZ=x x k\\ f° r an y 
finite set x\, • • • , x n £ X. M. Nakai and T. Tada || proved that the normed 
spaces with this property are precisely those of finite dimensional. 

The first authors investigating reverse of the triangle inequality in inner 
product spaces were J. B. Diaz and F. T. Metcalf by establishing the 
following result as an extension of an inequality given by M. Petrovich 
for complex numbers: 

Diaz-Metcalf Theorem. Let a be a unit vector in the inner product 
space (H; (.,.)). Suppose the vectors Xk E H, k 6 {1, • • • , n} satisfy 

Ffcll 

Then 

n n 

rJ2W x k\\ < II J2 x k\\- 

k=l k=l 

where equality holds if and only if 

n n 

J2%k = \\xk\\a. 

k=l k=l 

Inequalities related to the triangle inequality are of special interest; cf. 
Chapter XVII of and may be applied to get nice inequalities in complex 
numbers or to study vector- valued integral inequalities [0,0. 

Using several ideas and notation of 0, || we modify or refine results of S. 
S. Dragomir and get some new reverses of triangle inequality. 

We use repeatedly the Cauchy-Schwarz inequality without mentioning it. 
The reader is refered to ||, [J| for the terminology on inner product spaces. 
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2 Main Results. 

The following theorem is an strengthen of theorem 1 of in which the real 
numbers r\, r 2 are not neccesarily nonnegative. The proof seems to be different 
as well. 

Theorem 1. Let a be a unit vector in the complex inner product space 
(H; (.,.)). Suppose the vectors Xk 6 H, k G {1, • • • , n} satisfy 

< < Re(x k ,r 1 a),0 < rl\\x k \\ < Im(x k ,r 2 a) (1) 

for some r±, r 2 G [—1,1]. Then we have the inequality 

n n 

tf + »S)'£M<niE**ll- (2) 

k=l k=l 

The equality holds in (2) if and only if 



n n 



Xk = (n + ir 2 ) \\ x k\\a- (3) 

k=l k=l 

Proof. If r\-\-r 2 = 0,theorem is trivial. Assume that r^ + r^ 7^ 0. Summing 
inequalities (1) over k from 1 to m, we have 

n n n 

( r i + r l)Yl W x k\\ < Re(J2 x k,ria) + Im(^x k ,r 2 a) 

k=l k=l k=l 

n 

= Re(J2 Xk, (n + ir 2 )a) 

k=l 



< |(5Z x fc'( r i + ir 2 )a)\ 



k=l 



< II J2 X k\\\\( r l + ir 2) a \ 
k=l 



(rl + r 2 2 )t\\J2 x k\ 

k=l 



Hence 2 holds. 

If (3) holds, then 



it it 11 

X k\\ = ll( r l + ir ?) H W X k\\ a \\ = ( r l + r l)* H \\ X k\\- 
k=l k=l k=l 



Conversely, if the equality holds in (2), we have 



n n 



i + r^Wj^XkW = (r 2 1 + r 2 2 )Y / \\xk\\<Re(J2 x k,(r 1 + ir 2 )a) 

k=l k=l k=l 

n n 

< \(J2 x kd r i + ir 2 )a}\ < (rf + rl)2\\J2x k \\. 



k=l k=l 

From this we deduce 

n n 

\(J2 x k>( r 'i + ir 2) a ) \ = \\^2 x k\\\\(n + ir 2 )a\\. 

k=l k=l 

n 

Consequently there exists 77 > such that E x fc = rj(ri + ir 2 )a 

k=i 

From this we have 

1 n 1 n 

(rf + r\)^r] = ^(n + ir 2 )a\\ = \\ x k\\ = (r? + r 2 2 Y \\ x k\\- 

k=l k=l 

n 

Hence rj = V] ||x fc ||.n 

k=l 

The next theorem is a refinement of Corollary 1 of since, in the notation 



of the theorem, y 2 — p\ — p\ < J ot\ + a 2 . 

Theorem 2. Let a be a unit vector in the complex inner product space 
(H; (., .)). Suppose the vectors x\. G H — {0}, k G {!,•••, n}, such that 



\\x k ~ a\\ < Pi, \\x k - ia\\ < p 2 ,Px,p 2 € (0, V a 2 + 1) (4) 
where a = min llxJI. Let 

l<fc<n" " 

■ r \\x k \\ 2 -pj+l . x ■ ;NP-i+l , . , . . , 

ai = mm{ — — : 1 < k < n}, a 2 = mm{ — — - : 1 < k < n}, 

2\\Xk\\ 2 \\ x k\\ 

Then we have the inequality 

n n 
k=X k=l 

where the equality holds if and only if 

n n 

^x k = («i + ia 2 ) E \\xk\\a 

k=l k=l 
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Proof. From the first inequality in (4) we have 

(x k - a, x k - a) < p\ 
\\xk\\ 2 + 1 — pi < 2Re(xk, a),k = 1, • • • , n 

II || ^ _J_ ^ 

-||x fc || < Re(x k ,a) 



2|b fe | 



consequently 



ai||x fc || < Re(x k ,a). 
Similarly from the second inequality we obtain 

a^H^fcll < Re(xk,ia) = Im{xk,a). 

Now apply Theorem 1 for r! = an, r 2 = a 2 -0 

Corollary 3. Let a be a unit vector in the complex inner product space 
(if; (., .)). Suppose the vectors x k G H — {0}, k G {1, • • • , n} such that 

ll^fe — ct 1 1 < 1, \\x k — ia\\ < 1. 

Then 

a n n 

-jxY, Nil - WY, X k\\ 

V * k=l k=l 

in which a = min ||xfc||. The equality holds if and only if 

l<k<n 

2^ x k = a — - — 2^ \\ x k\\a 

k=l 1 k=l 

Proof. Apply Theorem 2 for ot\ = f = a 2 .0 

Theorem 4. Let a be a unit vector in the inner product space (H; (.,.)) 
over the real or complex number field. Suppose that the vectors x k G H — 
{0}, k G {1, • • • , n} satisfy 



l^fc — a || <p,p£ (0, Vet 2 + 1), ct = min \\xk\ 

Kk<n 



Then we have the inequality 



where 



ax £ W Xk W - II £ Xk \ 

k=l k=l 



|| A; IP — ~t~ 1 

«i = mini n — n : 1 < A; < nj 

2 a* " " 1 



The equality holds if and only if 

n n 

£ %k = oil £ \\ x k\\a 

k=l k=l 

Proof. The proof is similar to Theorem 2 in which we use Theorem 1 with 
r 2 = O.D 

The next Theorem is a generalization of Theorem 1. It is a modification 
of Theorem 3 of ||, however our proof is apparently different. 

Theorem 5. Let a\, . . . , a m be orthonormal vectors in the complex inner 
product space (if; (., .)). Suppose that for 1 < t < m,r t ,p t e R and that the 
vectors x k 6 H, k G {1, • • • , n} satisfy 

< r^\\x k \\ < Re(x k ,r t a t ),0 < Pt\\x k \\ < Im(x k , p t a t ) ,t G {1, • • ■ ,m} (5) 
Then we have the inequality 

m n n 

(£rf + p^£IM<ll£**ll (6) 

t=l k=l k=l 

The equality holds in (7) if and only if 

n n m 

£ x k = £ \\ x k\\ £(n + ip t )a t . (7) 

k=l k=l t=l 

m m 

Proof. If £(rf + pi) = 0, theorem is trivial. Assume that £(?"f + Pt) 0- 
t=i t=i 
Summing inequalities (6) over k from 1 to n and again over t from 1 to m we 

get 

m n n m n m 

£( r ? + Pt) £ IN II < ^ e (£ x k, £ not) + /m(£ x k , Y p t a t ) 

t=l k=l k=l t=l k=l t=l 
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n m n m 

= Re(J2 Xk, E r t a t) + Re(J2 x k^J2 Pt a t) 

k=l t=l k=l t=l 



n m 



k=l t=l 
n m 



< l(E x *>E( r * + i Pt) a t)\ 
k=i t=i 



n m 



<IIE**IIIIEfa + wtell 
k=i *=i 



n m 



= II E^IKEtf + 



fe=i *=i 



Then 



(Etf + p?))*EM<IIE**ll- 

t=l fc=l fc=l 

If (8) holds, then 

71 TL 771 TL 771, 

II E = II E 11**1111 Efo + ^Hl = E II^IKEtf + p?)) 1/2 - 

fc=l fe=l t=l fc=l t=l 

Conversely, if the equality holds in (7) we obtain from (6) that 



(Etf + rf)) 1/2 IIE**ll = 
*=i fc=i 

772 71 77 777 

= Efa 2 + p") E Nil < **> Efa + <p*)«*> < 
<=i fe=i fc=i <=i 

n m 

fc=i *=i 

77 7T7 71 771 

< II E **ll II Efa + ^Hl = II E ^IKEtf + p 2 )) 1/2 
k=i t=i k=i t=i 

Thus we have 

n m n m 

KE^'E^t + ^K)! = IIE^IIIIEfa + ^HI- 
fc=i t=i fe=i *=i 

Consequently there exists 77 > such that 

n m 

E^fc = ^E( r * + i pt) a t 
fe=i t=i 



from which we have 

m m n n m 

v(J2( r t + pt)) 1 * = NX>t + *AHI = H5>*ll = E \\ x k\\(J2( r t + p 2 t)f 2 

t=l t=l k=l k=l t=l 

Hence 

n 

v = J2 \\ x k\\- n 

k=l 

Corollary 6. Let a l5 . . . , a m be orthornormal vectors in the inner product 
space (H; (., .)) over the real or complex number field. Suppose for 1 < t < m 
that the vectors x k G H, k G {1, • • • , n} satisfy 

< r t 2 ||x fe || < Re(x k ,r t a t ). 

Then we have the inequality 

m n n 

(E r2 )^ E Ikfcll < II E^ll- 
*=i fe=i fe=i 

The equality holds if and only if 



n m 



E 2 ^ = E IMI E r * a *- 

k=l fc=l t=l 

Proof. Apply Theorem 5 for p t — O.D 

Theorem 7. Let a±, . . . , a m be orthornormal vectors in the complex inner 
product space (H; (.,.)). Suppose that the vectors x k G if— {0}, G {1, • • • , n} 
satisfy 



l^fc - a t \\ < p t , \\x k - ia t \\ < q t ,Pt,qt G (0, V a 2 + 1), 1 < t < 



in 



where a = min Let 

l<fc<n 

ll^fcll^ — ~t~ 1 ll^fcll^ — Q'^ ~t~ i 
a t = min{ — f : 1 < k < n}, (3 t = min{ — £ : 1 < k < n}. 

^\\%k || ^ || || 

Then we have the inequality 

m n n 

(E«* 2 + A 2 )^EIMI ^ IIX>*II 

t=l k=l k=l 



where equality holds if and only if 

n n m 

k=l k=l t=l 

Proof. For 1 < t < m, 1 < k < n it follows from \\x k — a t \\ < p t that 

(x k - a t ),x k - a t ) < p 2 t 
— if \\x k \\ < Re(x k ,a t )0 

2 IMI 

a t \\x k \\ < Re(x k ,a t ) 
Pt\\x k \\ < Re(x k , ia t ) = Im(x k , a t ), 



and similarly 



Now applying Theorem 4 with r t = a t , pt = fit we deduce the desired inequality. □ 

Corollary 8. Let a±, . . . , a m be orthornormal vectors in the complex inner 
product space (H ;{.,.)). Suppose that the vectors x k G H, k e {l,---,n} 
satisfy 

\\xk — dt\\ < 1) \\ x k — ia t \\ < 1,1 < t < m 

Then 

a n n 
—7=\fmY \W\\ < || Y x k\\- 

fc=l k=l 

The equality holds if and only if 

}^x k = a — - — ^ \\xk\\2^ a t 
k=i z k=i t=i 

Proof. Applying Theorem 7 for a t — f = 

Remark. It is interesting to note that 



a /— . II J2 k =iX k \\ 

m < — - — - — - < 1. 



V2 Efe=i \\ x k 

~2 



a < 
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Corollary 9. Let a be a unit vector in the complex inner product space 
(H; (., .)). Suppose that the vectors x k G H — {0}, k G {!,-■■ ,n} satisfy 



\W ~ a\\ < pi, \\x k - ia\\ < p 2 ,Pi,P2 e (0, 1]. 

Let 

. r IM 2 - P 2 + i . r lM 2 -^ + i , 

ai = mm{ — — n : 1 < k < n}, a 2 = mm{ — — : 1 < k < n\. 

2 \\ x k\\ 2 \\ x k\\ 

If a\ ^ (1 — Pi) 5 , or a 2 7^ (1 — then we have the following strictly 

inequality 

n n 

(2-p?-^)'EW<IIE^II 

fc=l k=l 

Proof. If equality holds, then by Theorem 2 we have 

(«? + «^E 11**11 < II E = (2 - pi - p& E IMI 
fe=i fc=i fe=i 

and so 



On the other hand for 1 < k < n, 

\\x k \\ 2 -pj + l 



and so 



Similarly 



Hence 



Thus 



2|M 
ai>(l-p?)i 

«2 > (1 -Pl)^- 



a\ + a\ = {2-p\-pl)2. 
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Therefore 

ati = (1 -pi)5anda 2 = (1 - 

a contradiction. □ 

The following result looks like Corollary 2 of 0. 

Theorem 10. Let a be a unit vector in the complex inner product space 
(H; (.,.}), M > m > 0, L > I > and x k E H - {0}, k e {1, • • • , n} such that 

Re(Ma — x k , x k — ma) > 0, Re(Lia — x k , x k — £ia) > 

or equivalently, 

m + M .. M — m L + £ .. L — ^ 
pfc ^ — a < — ^ — > x *= ^ — < — ^ — • 



Let 



and 



llxJI 2 + mM 
a mM = mm{- — — rr : 1 < fc < n} 
(m + Af)||x fc || 



a £jL = mm{— — — — - : 1 < fc < n} 
(£ + L)\\x k \\ 



Then we have the inequlity 

n n 



f 2 



fe=l fc=l 

The equality holds if and only if 

n n 

Z £fc = (a m ,A/ + Z \\ X k\\ a - 

k=l k=l 

Proof. For each 1 < k < n, it follows from 

m+M M - m 

\\Xk a < 



m + M m + M, _ ,M - m 2 



that 

(a* - - 2 "^ a,x fc - - 2 — ) < ( — 2 - ) a . 

Hence 

||x fc || 2 + mM < (m + M)Re(x k , a). 
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Then 

ll^fcll 2 + rnM 



\x k \\ < Re(x k , a) 



(m + M)\\x k \ 
consequently 

a m ,M\\ x k\\ < Re(x k ,a). 
Similarly from the second inequlity we deduce 

c^,L||:rfc|| < Im(x k , a). 

Applying Theorem 1 for r\ = a mt M, ^2 = we infer the desired inequality. □ 
Theorem 11. Let a be a unit vector in the complex inner product space 
(H; (., .)), M > m > 0, L > £ > and x k E H - {0}, k E {1, • • • ,n} such that 

Re{Ma — x k , x k — ma) > 0, Re(Lia — x k , x k — £ia) > 

or equivalently 

.. m + M M-m , L + £. „ L-t 
\\ x k — all < — , \\x k — ia\\ < — - — . 



Let 



and 



\\x k \\ 2 + mM 

a mM = mm{- —— — - : 1 < k < n\ 

(m + M) \\x k \\ 



. \\x k 2 + £L 
a £,L = mm{ — 1| : 1 < k < n\. 
(£ + L)\\x k \\ 



If a mM + 2™ , or a e , L ^20, then we have 

n , mM £L .1 " .. .. „ ™ .. 

2 W^ + (?W^?J M<II £ I * I| ■ 

n n 

Proof. If 2( I ^§ F + jj^)^Y}\x k \\ = ||5> fc || then by theorem 10 we 

k=l k=l 

have 

/ 2 2 _ 1 ^ .. " mM £L .1 " .. „ 

(* m ,M + a ttL y E \\ Xk \\ < 11 ga; fc || = 2( I ^^ TW + (T^) 2 E 11^ II- 
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Consequently 



/ 9 9xi / mM £L , i 

( a „,„ + a ( , 1 ) ! <2( 1 — + ^_^,. 



On the other hand for 1< k < n, !"f > 2^#, and fc'}';" > 2*21 

— — ' (m+M) || Xfc || — rrt+M' (£+L)||x fe || — £+L 



SO 



Then 



Hence 



and 



/ 9 9 n 1 n , mM £L ,i 



2 2 i mM £L 



VmM 
m + M 



ae,L = 2 



£ + L 
a contradection.D 

Finally we mention two applications of our results to the complex numbers. 
Corollary 12. Let a E C with \a\ = 1. Suppose that z k E C,k E 
{1, • • • , n} such that 

W - a\ < pi, \z k - ia\ < P2,Pi,P2 e (0, V a 2 + 1) 

where 

a = min{|zfc| : 1 < < n}. 

Let 

ai = min-j 



\ z k\ 


2 _ 


-pI + i 


2j 







\ z k\ 


2 _ 


-pI + i 


21 


z k\ 





Then we have the inequality 



a l + «2 J2 \ Z k\ < I Z k\- 
k=l k=l 
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The equality holds if and only if 

n n 
k=l k=l 

Proof. Apply Theorem 2 for H = C.O 

Corollary 13. Let a E C with \a\ = 1. Suppose that Zk G C,k G 
{1, • • • , n} such that 

\ z k — o\ < 1, \zk — ia\ < 1. 

If a = min{\zk\ : 1 < k < n}. Then we have the inequality 

ol n n 

—7= \ z k\ < 1 

V z fc=i fe=i 
the equality holds if and only if 

J2 z k = TT^ dt \ z k\) a - 
k=l Z k=l 

Proof. Apply Corollary 3 for H = C.D 



References 

[1] J.B. Diaz and F.T. Metcalf, A complementary triangle inequality in 
Hilbert and Banach spaces, Proc. Amer. Math. Soc. 17(1) (1966), 88-97. 

[2] S.S. Dragomir, Reverses of the triangle inequality in inner product spaces, 
|arXiv:math.FA/0405495 . 



[3] S.S. Dragomir, Some reverses of the generalized triangle inequality in 
complex inner product spaces, |arXiv:math. FA/0405497 . 



[4] S.S. Dragomir, Discrete inequalities of the Cauchy-Bunyakovsky-Schwarz 
type. Nova Science Publishers, Inc., Hauppauge, NY, 2004. 

[5] D.S. Mitrinovic, J.E. Pecaric and A.M. Fink, Classical and 
New Inequalities in Analysis, Kluwer Academic Publishers, Dor- 
drecht/Boston/London, 1993. 

14 



[6] M. Nakai and T. Tada, The reverse triangle inequality in normed spaces, 
New Zealand J. Math. 25 (1996), no. 2, 181193. 

[7] M. Petrovich, Module dune somme, L Ensignement Mathematique, 19 
(1917), 53-56. 

[8] Th.M. Rassias, Inner Product Spaces and Applications, Chapman- 
Hall,1997. 



15 



